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RINGS WITH CANONICAL REDUCTIONS
MEHRAN RAHIMI1
Abstract. We study the class of one dimensional Cohen-Macaulay local rings with canonical
reductions, i.e. admit canonical ideals which are reductions of the maximal ideals, show that it
contains the class of almost Gorenstein rings and study characterizations for rings obtained by
idealizations or by numerical semigroup rings to have canonical reductions.
1. Introduction
In [1], Barucci and Fro¨berg, (1997), introduced the class of almost Gorenstein rings which is
a subclass of one-dimensional analytically unramified rings. This concept has been generalized
to Cohen-Macaulay local rings, studied in details by Goto et.al [13], [15] and [16]. The theory
is still developing (see [4] and [12]) introducing new classes of rings such as 2-almost Gorenstein
local (2-AGL for short) and generalized Gorenstein local (GGL for short) rings.
The aim of this paper is to study Cohen-Macaulay local rings possessing canonical ideals.
Over a Cohen-Macaulay local ring (R,m, k) of dimension d, a maximal Cohen-Macaulay module
ω is called a canonical module of R if dimk Ext
i
R(k, ω) = δid. An ideal of R, isomorphic to a
canonical module, is called a canonical ideal of R. A local ring admits a canonical module if and
only if it is a homomorphic image of a Gorenstein ring. Such a ring R admits a canonical ideal
if and only if Rp is Gorenstein for all associated prime ideals p of R. (For more informations on
canonical modules, see [19] and [2, Section 3.3]).
In Section 2, for a fixed R, we denote by CR, the set of all canonical ideals of R and investigate
it in details. Here is a result of this kind.
Result 1.1. (Theorem 2.5) Let I and J belong to CR.
(a) If I ⊂ J , then I = xJ for some x ∈ m where xR = (I : J).
(b) If x ∈ I is a regular element, then xJ = yI for some y ∈ J .
(c) Let dimR = 1. If red (m) = t then mt+1 does not contain any element of Max (CR),
where red (m) denotes the reduction number of m.
As (a) shows, the maximal canonical ideals of R, Max (CR), determines all other canonical
ideals. So, non-maximal canonical ideals are contained in m2. If R have minimal multiplicity,
then maximal canonical ideals does not belong to m2 which is a partial converse of (c).
In Section 3, we concentrate on one-dimensional Cohen-Macaulay local rings admitting a
canonical ideal. When this is the case, canonical ideals are m-primary and so, it is natural
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to ask when a canonical ideal is a reduction for m. It will be shown first that a canonical
ideal is a reduction for m when R is an almost Gorenstein ring. By [13], a one-dimensional
Cohen-Macaulay local ring (R,m) is called almost Gorenstein if e 0m(R) ≤ r (R). Proposition 3.1
guarantees that almost Gorenstein rings have a canonical reduction. This motives us to prepare
next definition.
Definition 1.2. (Definition 3.2) An ideal I is called a canonical reduction of R if I is a canonical
ideal of R and is a reduction of m.
Its clear that all Gorenstein local rings, with infinite residue fields, admit canonical reductions.
Let R be a non-Gorenstein ring. We set SCR = {ℓ(R/K) | K ∈ CR }. Proposition 3.3 shows
that a canonical reduction J , if exists, is a maximal canonical ideal which is not contained in
m2 and ℓ(R/J) ∈ min(SCR).
Our next result emphasizes on singular one-dimensional Cohen-Macaulay local rings.
Result 1.3. (Proposition 3.5) Let (R,m) be a singular one-dimensional Cohen-Macaulay local
ring. Then
(a) If K is a canonical ideal of R, then mK = m(K : m).
(b) If min(SCR) = 2 then R has a canonical reduction.
Part (a) is proved before for some special canonical ideals (see[5, Lemma 3.6]). In (b) we deal
with the minimum value of SCR . Note that the maximal ideals can not be canonical ideals when
R is not regular.
It is also proved in (a) that canonical ideals can not be integrally closed in one-dimensional
singular local rings. A well known fact that canonical ideals of a normal local ring are integrally
closed, motives us to investigate the theory for rings with dimensions greater than 1.
Result 1.4. (Lemma 3.6 and Corollary 3.7) Let dimR > 1 and K ∈ CR. Then
• K is integrally closed if and only if K is a radical ideal.
• If all canonical ideals of R are integrally closed, then R is an integrally closed ring.
Next we try to find rings that does not have a canonical reduction. Proposition 3.8 show that
non-almost Gorenstein rings with minimal multiplicity does not have a canonical reduction.
The concepts of generalized Gorenstein and nearly Gorenstein rings are defined in [12] and
[20], respectively. Here we prove that nearly Gorenstein rings have canonical reductions. Also
we provide a criterion for a generalized Gorenstein ring to admit a canonical reduction. These
results will be generalized to rings with arbitrary positive dimensions in section 5.
We close section 3, by providing a characterization for a numerical semigroup ring to admit
a canonical reduction (Theorem 3.12). Finally, we study the behavior of certain Ulrich ideals in
a ring with canonical reduction.
Result 1.5. (Proposition 3.15) Let (R,m) be a local ring with dimR = 1, R/m is infinite, and
R admits an Ulrich ideal I with µ(I) > 2. Then the following statements are equivalent.
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(i) R has a canonical reduction.
(ii) R is generalized Gorenstein with respect to I, and I is a reduction of m.
Section 4 is motivated by [13, Section 6]. The main purpose is to find some characterizations
for rings which admit canonical reductions and provide some examples by means of idealizations.
In this section the ring R is a one-dimensional Cohen-Macaulay local ring with canonical module
KR. It is well-known that if M is maximal Cohen-Macaulay R-module, then R⋉M is a Cohen-
Macaulay local ring with the same residue field of R.
Result 1.6. (Proposition 4.2) Let R be a one-dimensional Cohen-Macaulay local ring with
canonical module KR. Then the following statements are equivalent.
(i) R⋉M admits a canonical reduction I ⋉ L, for some submodule L of M .
(ii) M ∼= Hom R(I,KR) and I is a reduction of m.
As an immediate corollary, R ⋉ HomR(m,KR) admits a canonical reduction, which means
every Cohen-Macaulay local ring R, of dimension one, is homomorphic image of a ring S such
that S admits a canonical reduction and min(SCS) = 2.
Next result shows nice behavior of rings with canonical reductions via idealization.
Result 1.7. (Theorem 4.3) Under the conditions in Result 1.6, the followings statements are
equivalent.
(i) R has a canonical reduction.
(ii) R⋉R has a canonical reduction.
(iii) R⋉m has a canonical reduction.
We end section 4 by constructing some examples of rings with canonical reductions of arbitrary
large canonical index in Remark 4.4.
Section 5 deals with rings with canonical reductions whose dimensions are > 1. First comes
the definition.
Definition 1.8. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring admitting a
canonical ideal. The ring R is said to have a canonical reduction K if K is a canonical ideal of
R and there exists an equimultiple ideal I such that ht (I) = d− 1 and K + I is a reduction of
m.
It is proved that every nearly Gorenstein ring admits a canonical reduction (Proposition 5.4).
Also Proposition 5.8 gives a criterion for a generalized Gorenstein ring to have a canonical
reduction. In particular, it shows that every d-dimensional almost Gorenstein ring admits a
canonical reduction. After a discussion about equimultiple ideals, we study canonical reduction
via linkage. Here is one of the results.
Result 1.9. (Proposition 5.10) Let R admits a canonical reduction and I and J be zero-hight
ideals of R such I is linked to J . If R/I is Cohen-Macaulay and µ(J) = 1 then R/I has a
canonical reduction.
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Note that if R is Gorenstein and I and J be as above then it is known that R/I is Gorenstein.
Finally, we end the paper by investigating canonical reductions via flat local homomorphisms.
Result 1.10. (Theorem 5.12) Assume that ϕ : (R,m) −→ (S, n) is a flat local ring homomor-
phism of generically Gorenstein Cohen-Macaulay local rings of positive dimensions d and n,
respectively. Assume further that S/mS is Gorenstein. Consider the following two conditions.
(a) R has a canonical reduction and e 0n(S) = e
0
n(S/mS)e
0
m(R).
(b) S has a canonical reduction.
Then the following statements hold true.
(i) If n = d, then (a)⇒(b). The converse holds if R/m is infinite.
(ii) If n > d, then (a)⇔(b) if R/m is infinite and S/mS is a regular ring.
Throughout (R,m, k) is a Noetherian local ring with maximal ideal m and all R-modules are
finitely generated. Set e 0m(R) as the multiplicity of R with respect to m. For an R-module M ,
we denote ℓ(M) for the length of M as R-module, and set the Cohen-Macaulay type of M as
r (M) := ℓ(Ext
dim(M)
R (R/m,M)).
2. The set of canonical ideals of a ring
In this chapter, we show that all canonical ideals can be expressed by the set of maximal
canonical ideals. In fact, we will prove that each canonical ideal of R is equal to xI for some
maximal canonical ideal I and an R-regular element x.
Throughout this section, (R,m) is a Cohen-Macaulay local ring of positive dimension admit-
ting a canonical ideal. Let CR be the set of all canonical ideals of R and set Max (CR) as the set
of all maximal elements of CR with respect to inclusion.
Lemma 2.1. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring. Let I ( J
be ideals of R such that I is a canonical ideal of R. Then µ(I : J) = r (J), where r (J) =
ℓ(Ext 1R(R/m, J)) is the type of J as an R-module.
Proof. Set E = ER(R/m) the injective hull of R/m. Applying Hom R(−,E) on the exact sequence
0 −→ J/I −→ R/I −→ R/J −→ 0 gives the exact sequence
0 −→ HomR(R/J,E) −→ Hom R(R/I,E) −→ HomR(J/I,E) −→ 0.
As R/I is a Gorenstein ring of dimension 0, Hom R(R/J,E) ∼= T/I for some proper ideal T
of R and Hom R(J/I,E) ∼= R/T . By Gorensteinness of I, T = I : (I : T ) = (I : J) and so
Hom R(J/I,E) ∼= R/(I : J). On the other hand, the sequence 0 −→ I −→ J −→ J/I −→ 0
implies the exact sequence
0 −→ HomR(R/m, J/I) −→ Ext
1
R(R/m, I) −→ Ext
1
R(R/m, J) −→ Ext
1
R(R/m, J/I) −→ 0.
As r (I) = 1, we get the Bass numbers µ0(J/I) = 1 and so µ1(J/I) = r (J). Apply-
ing Hom R(−,E) on the minimal injective resolution 0 −→ J/I −→ E −→ E
r (J) −→ · · ·
of J/I, implies the exact sequence · · · −→ R̂r (J) −→ R̂ −→ R/(I : J) −→ 0, which
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is the minimal free resolution of Hom R(J/I,E) ∼= R/(I : J) over R̂. Therefore, we have
µ(I : J) = µ
R̂
((I : J)R̂) = r (J). 
Remark 2.2. Let R be a one-dimensional Cohen-Macaulay local ring which is not regular. In
[10, Corollary 2.4], it is shown that the maximal ideal of R is not a canonical ideal of R. As a
consequence, Lemma 2.1 shows that mi is not canonical ideal of R for each i > 0.
In the following, it is shown that every canonical ideal of R which is not contained in m2 is a
maximal canonical ideal of R. First we state a lemma.
Lemma 2.3. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring and that I is
a height one ideal of R. Assume that a ∈ I is a superficial element which is R-regular. If
P ∈ Ass (R/I) such that IP is cyclic then IP = aRP .
Proof. Let IP = xRP . By [23, Lemma 8.5.3], I
n+1 : a = In for n ≫ 0. Localizing at P ,
we get xn+1RP : aRP = x
nRP which means aRP is a superficial element of xRP . Therefore
aRP = xRP = IP . 
Definition 2.4. Let R be a local ring and I be an ideal of R. Then I is called equimultiple if I
has a reduction J such that µ(J) = ht (I). In this case J is a minimal reduction of R.
Note that m-primary ideals are equimultiple ideals.
Theorem 2.5. Assume that (R,m) is a non-Gorenstein Cohen-Macaulay local ring of dimension
d > 1 with infinite residue field. Let I be a canonical ideal of R.
(a) If I 6∈ Max (CR) then for any T ∈ CR containing I properly, I = xT for some regular
element x ∈ m. In particular, I ⊆ m2.
(b) (See [19, Satz 2.8].) If K ∈ CR and x ∈ K is an R-regular element, then there exists
y ∈ I such that yK = xI. In this situation, x is a reduction of K if and only if y is a
reduction of J .
(c) Let dimR = 1. If red (m) = t then mt+1 does not contain any element of Max (CR). In
particular, if R has minimal multiplicity, then non-maximal canonical ideals of R are
exactly the canonical ideals which contained in m2.
Proof. (a). Assume that T is a canonical ideal of R properly containing I. First let d = 1.
As r (T ) = 1, by Lemma 2.1, µR(I : T ) = 1. One may write (I : T ) = aR for some regular
element a ∈ m. As I ⊆ (I : T ) = aR, there is an ideal J such that I = aJ and consequently J
is a canonical ideal of R. As R is non-Gorenstein, J is a proper ideal and so I ⊆ m2. As I is
Gorenstein ideal of R, T = (I : a) = (aJ : a) = J . Note that in this case, we do not need the
assumption that R/m is infinite.
Now let d > 1. Choose a ∈ (I : T ) to be a superficial element which is R-regular. As R/I
is Gorenstein, T = I : (I : T ) ⊆ (I : a). We claim that T = (I : a). To proceed the proof,
we will show that (I : a)RP ⊆ TP for all P ∈ Ass (R/T ). By Lemma 2.3, if P ∈ Ass (R/(I :
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T ))(= Ass (T/I)) then IRP = xTRP for some x ∈ PRP which depends on P . By proof of one-
dimensional case and Lemma 2.3, (I : T )RP = aRP and IP = aTRP for all P ∈ Ass (R/(I : T )).
Now let P ∈ Ass (R/T ). There is two possible cases.
(i) P ∈ Ass (R/(I : T )). In this case (I : a)RP = (aTP : aRP ) = TP ⊆ TP .
(ii) P /∈ Ass (R/(I : T )). Then TP = IP and (I : a)RP = (TP : aRP ). If a /∈ P then we
are done. Assume contrary that a ∈ P . Then P ∈ Ass (R/aR) ⊆ Ass (R/(I : T )) which is a
contradiction by assumption.
Hence T = (I : a) and (I : T ) = aR + I. If (I : T ) is not equimultiple then there exists a
superficial element a ∈ I for (I : T ). Hence, by Lemma 2.3, we must have (I : T ) = aR+ I = I
which means T = R and R is Gorenstein, a contradiction. Therefore (I : T ) is equimultiple, and
so Ass (R/aR) = Ass (R/(I : T )). As (I : T )P = aRP for all P ∈ Ass (R/(I : T )), this means
(I : T ) = aR and I ⊆ aR. Set I = aJ . Then T = (I : a) = (aJ : a) = J and the proof is
complete.
(b). As x ∈ K, xI ⊆ K and so by (a) there exists y ∈ m such that xI = yK.
(c). Let T ⊆ mt+1 be a maximal element of CR. As R/m is infinite, there exists x ∈ m such
that mt+1 = xmt. Therefore T = xJ for some canonical ideal J of R, which contradicts with
T ∈ Max (CR). 
The following example shows that residue rings of maximal canonical ideals may not have the
equal lengths.
Example 2.6. (See [13, Example 3.13]). Let R = k[[t3, t4, t5]] ⊆ k[[t]]. Then e 0m(R) = 3, R has
minimal multiplicity with m2 = t3m, R is almost Gorenstein, and K = (t3, t4) is a canonical
ideal of R with ℓ(R/K) = 2. Hence K is a maximal canonical ideal of R. Set I = (t4, t5), then
t6K = t6(t3, t4) = t5(t4, t5) = t5I which means I is a canonical ideal of R. As t5 ∈ I, one has
I * m2 which means I is a maximal canonical ideal by Proposition 2.5, while the exact sequence
0 −→ R/(t3, t5)
×t3
−→ R/I −→ R/(t3, t5) −→ 0
implies that ℓ(R/I) = 4.
3. Rings with canonical reductions
In this section, after presenting the definition of canonical reductions for one-dimensional
Cohen-Macaulay local rings, we explore the rings which admit canonical reductions. The first
result concerns almost Gorenstein rings.
Proposition 3.1. Assume that (R,m) is a one dimensional almost Gorenstein local ring. Then,
for each R-regular element x, there exists a canonical ideal J for R, depending on x, such that
x ∈ J and Jm ⊆ xR. In particular, if R has infinite residue field then R admits a canonical
ideal which is a reduction of m.
Proof. In case R is Gorenstein, the ideal J := xR satisfies the required property for any regular
element x. So we assume that R is an almost Gorenstein ring which is not Gorenstein. Assume
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that K is a canonical ideal of R and that ω ∈ K is a reduction of K. By [13, Theorem 3.11], we
have mK = ωm. Assume that x is a regular element of R. As xK ⊆ ωR we have xK = ωJ for
some ideal J of R. Hence we have ωJm = xKm = xωm which means Jm = xm and J/xR is a
vector space over R/m. Note that J ∼= K, therefore J is a canonical ideal of R contains x.
In particular, if R/m is infinite, there is a superficial element x ∈ m which is a reduction of
m. Now the result follows by above discussion. 
Proposition 3.1 motivates us to investigate the class of one-dimensional Cohen-Macaulay local
rings admitting a canonical ideal which is a reduction of the maximal ideal. This class contains
one-dimensional Gorenstein local rings with infinite residue fields. Now we are ready for the
main definition of this section.
Definition 3.2. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring that
admits a canonical ideal. A canonical reduction of R is a canonical ideal I of R such that I is a
reduction of m.
Let R be a one-dimensional Gorenstein ring with infinite residue field. Then R admits a
reduction element x which is also R-regular. As xR is a canonical ideal of R, every one-
dimensional Gorenstein local ring with infinite residue field admits a canonical reduction. Also
Proposition 3.1 shows that every one-dimensional almost Gorenstein local ring with infinite
residue field admits a canonical reduction.
There is no general information in case the residue field R/m is finite. Note that [13, Remark
2.10] indicates that the ring R = k[[X,Y,Z]]/(X,Y ) ∩ (X,Z) ∩ (Y,Z), where k[[X,Y,Z]] is the
power series ring over field k, is almost Gorenstein in the sense of [13, Definition 3.1]. The ideal
I = (x + y, y + z) is a canonical ideal of R and m2 = (x2, y2, z2) = Im. This means that I is a
canonical reduction of R, while I has no principle reduction when k = Z/2Z.
Let R be a Cohen-Macaulay local ring, admitting a canonical ideal. Remind that CR is
denoted for the set of all canonical ideals of R and that SCR := {ℓ(R/K) | K ∈ CR }. Note that
1 /∈ SCR by Remark 2.2.
Proposition 3.3. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring with
infinite residue field and that R admits a canonical reduction K. Then
(a) for each canonical ideal J of R, ℓ(R/J) ≥ ℓ(R/K) and equality holds if and only if J is
a reduction of m. In particular min(SCR) = ℓ(R/K).
(b) ℓ(R/K) ≤ e 0m(R)− r (R) + 1. Equality holds if and only if R is almost Gorenstein.
Proof. (a). By the uniqueness of canonical modules there exists an R-isomorphism f : K −→ J .
Assume that x ∈ K is a reduction of m and set y = f(x). Then K/xR ∼= J/yR and we have
(1)
ℓ(R/K) = ℓ(R/xR)− ℓ(K/xR)
= e 0m(R)− ℓ(K/xR)
≤ ℓ(R/yR)− ℓ(J/yR)
= ℓ(R/J).
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Therefore ℓ(R/K) ≤ ℓ(R/J) and equality holds if and only if e 0m(R) = ℓ(R/yR) which, by [23,
Theorem 11.3.1], y ∈ J and x is a reduction element for m.
(b). Using the second equality of (1) and the fact that ℓ(K/xR) ≥ µ(K/xR) = r (R) − 1
imply the claimed inequality. Equality holds if and only if ℓ(K/xR) = r (R)− 1, i.e. R is almost
Gorenstein. 
By [7, Proposition 4.1], if R is a d-dimensional generically Gorenstein Cohen-Macaulay local
ring of dimension d ≥ 1, all canonical ideals of R have the same reduction number, i.e. the
reduction number of a canonical ideal is an invariant denoted by ρ(R) and is called the canonical
index of R (see [7, Definition 4.2]). It is proved, in [13, Theorem 3.7], that R is Gorenstein if
and only if ρ(R) = 1. The nearest case to Gorenstein rings by means of ρ(R) is the case when
ρ(R) = 2 which is the object of the following remark. Note that if R is a one-dimensional
non-Gorenstein almost Gorenstein local ring then ρ(R) = 2 by [13, Theorem 3.16].
Remark 3.4. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring with infinite
residue field admitting a canonical ideal K. Let ρ(R) = 2 and set x ∈ K as a reduction of
K. Then the ideal a = (x : K) is independent from a particular canonical ideal K and a
reduction element x by [4, Theorem 2.5]. Moreover, by [4, Proposition 2.3], K2 ⊆ xR which
means K2 = xJ for some proper ideal J of R. We list some statements with sketches of their
proofs.
(i) K : (x : K) = J . By [4, Proposition 2.3], when ρ(R) = 2 we have a = (xK : K2) =
(xK : xJ) = (K : J), which means K : (x : K) = J .
(ii) J2 = K2 = xJ = KJ . As K2 = xJ , so x2J2 = K4 = xK3 = x2K2 which means
J2 = K2 = xJ .
(iii) (K : mi) ⊆ J if and only if a ⊆ mi + K. In particular (K : m) ⊆ J ⊂ m. If
J = K, then R is Gorenstein, a contradiction. Therefore, As (K : J) ⊆ m, we get
(K : m) ⊆ K : (K : J) = J .
(iv) R is almost Gorenstein if and only if J = (K : m) = (x : m). By [4, Proposition
2.3 (4)], R is almost Gorenstein if and only if mK2 ⊆ xK, which is equivalent to say
mJ ⊆ K. In this case, as mK = mx by [13, Theorem 3.11], we have mJ = mx and so
J ⊆ (x : m) ⊆ (K : m) ⊆ J which means J = (K : m) = (x : m).
The following result shows that the min(SCR) assigns canonical reduction when it equals to
two.
Proposition 3.5. Let (R,m) be a non-regular one-dimensional Cohen-Macaulay local ring ad-
mitting a canonical ideal.
(a) (See [5, Lemma 3.6]) If K is a canonical ideal of R then mK = m(K : m).
(b) Let min(SCR) = 2. Then R has a canonical reduction.
(c) Let ρ(R) = 2 and min(SCR) ≤ 3. Then R is almost Gorenstein.
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Proof. Let I be a height one ideal of R. From the natural exact sequence
0 −→ m(I : m)/mI −→ I/mI −→ (I : m)/m(I : m) −→ (I : m)/I −→ 0,
it follows that mI = m(I : m) if and only if µ(I : m) = µ(I) + r (R/I).
(a). By Lemma 2.1, µ(K : m) = r (m). Choose an R-regular element x ∈ m. Then
r (m) = ℓ(Ext 1R(R/m,m)) = ℓ(Hom R(R/m,m/xm)) = ℓ((xm : m)/xm).
As R is not regular, we have (xm : m) = (x : m) and thus m(x : m) = xm. Therefore
r (m) = ℓ((xm : m)/xm) = ℓ((x : m)/xm) = µ(x : m). Note that r (R) = r (R/xR) =
ℓ(Hom R(R/m, R/xR)) = µ((x : m)/xR) = µ(x : m)− 1. Therefore, by the above discussion, we
have mK = m(K : m).
(b). Assume that K is a canonical ideal of R with ℓ(R/K) = 2. It follows that m = (K : m).
Therefore by (a), we have m2 = m(K : m) = mK and so K is a reduction of m.
(c). Assume that K ∈ CR with ℓ(R/K) = min(SCR). By Remark 3.4 (iii), K
2 = xJ , where
x ∈ K is a reduction of K, and (K : m) ⊆ J ⊆ m. Therefore J = (K : m) in both case and R is
almost Gorenstein by Remark 3.4 (iv). 
By Proposition 3.5 (a), canonical ideals of a one-dimensional non-regular Cohen-Macaulay
local rings cannot be integrally closed. Next we deal with the same situation when dimR > 1.
First we prove a lemma
l
Lemma 3.6. Assume that (R,m) is a d-dimensional non-Gorenstein Cohen-Macaulay local ring,
admitting a canonical ideal K. The following conditions are equivalent.
(i) K is integrally closed
(ii) R/K is reduced.
When this is the case, RP is regular for all P ∈ AssR(R/K).
Proof. (i)⇒(ii). let P ∈ Ass (R/K). If RP is not regular then KPPRP = PRP (KP : PRP ) by
Proposition 3.5, which means KP ⊆ (KP : PRP ). As KP is integrally closed, this contradiction
yields that RP is regular for all P ∈ Ass (R/K) and soKP = PRP . Therefore, if P ∈ Ass (R/K),
(R/K)P = RP/PRP and R/K is reduced.
(ii)⇒(i). By assumption KP = PRP for all P ∈ Ass (R/K) and so K is equal to intersection
of all associated primes of R/K, which means K is integrally closed. 
Corollary 3.7. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring, with infinite
residue field. admitting a canonical ideal.
(a) Let K ∈ CR be an integrally closed canonical ideal of R. Then, for all canonical ideals
J with K ⊆ J , J is integrally closed.
(b) If all canonical ideals of R be integrally closed, then R is reduced and integrally closed in
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Proof. (a). By Proposition 2.5(i), K = xJ where xR = (K : J). Therefore, as K is integrally
closed, x and J = (K : x) are integrally closed.
(b). We show that every principal ideal of R, generated by a non-zero divisor, is integrally
closed and the result will follow by [23, Proposition 1.5.2 ]. Let x ∈ m be a non-zero divisor and
J an arbitrary canonical ideal of R. Set K = xJ . Then by assumption K is integrally closed
and, by Proposition 2.5(i), xR = (K : J) is an integrally closed ideal. 
Next proposition shows that, a ring with minimal multiplicity admits a canonical reduction
if and only if it is almost Gorenstein. Recall that R is said to have minimal multiplicity if
µ(m) = e 0m(R). When R/m is infinite, this is equivalent to saying m
2 = xm for some reduction
element x ∈ m (e. g. see [2, Exercise 4.6.14]). In this case, R has minimal multiplicity if and
only if e 0m(R) = r (R) + 1.
Proposition 3.8. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring with
infinite residue field and that K is a canonical reduction of R. The following statements hold
true.
(a) R has minimal multiplicity if and only if R is almost Gorenstein and ℓ(R/K) = 2.
(b) If ρ(R) = 2, then R is almost Gorenstein with minimal multiplicity if and only if
ℓ(R/K) = 2.
Proof. (a). Choose x ∈ K as a reduction of m and set e := e 0m(R) and r = r (R). Assume that
e 0m(R) = r (R) + 1. We have, by Proposition 3.3, ℓ(R/K) ≤ e − r + 1 = r + 1− r + 1 = 2. As
ℓ(R/K) > 1, ℓ(R/K) = 2. Therefore r + 1 = e = ℓ(R/K) + ℓ(K/xR) = 2 + ℓ(K/xR) which
means ℓ(K/xR) = r − 1 and R is almost Gorenstein.
The converse is clear as e = ℓ(R/xR) = ℓ(R/K) + ℓ(K/xR) = 2 + r − 1 = r + 1.
(b). We may write K2 = xI for some ideal I. We have K ⊆ I ⊆ m. Since R is not Gorenstein
and ℓ(m/K) = 1, we get K2 = xm. Therefore mK2 = xm2 ⊆ xK which means R is almost
Gorenstein. 
By Proposition 3.8, if R is a non-almost Gorenstein ring with minimal multiplicity, then R
does not have a canonical reduction. To see some examples of such rings one may consult with
[4, Example 3.2 (2), Example 3.4, Example 3.5, Example 5.9].
Recall that for an R-moduleM , it’s trace, denote by trR(M), define as the sum of ideals f(M)
where f ∈ HomR(M,R). Let R admits a canonical module KR. In [20], authors considered
tr (KR), the trace of canonical module of R, and prove several propositions and define the
concept of nearly Gorenstein rings . A Cohen-Macaulay local ring R called nearly Gorenstein if
m ⊆ trR(KR) where KR denote the canonical module of R. As a consequence, [20, Lemma 2.1]
yields that, R admits a canonical ideal if and only if tr (KR) has an R-regular element.
In the next result we give some characterizations for a one dimensional Cohen-Macaulay local
ring to have a canonical reduction.
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Proposition 3.9. Assume that (R,m) is a non-Gorenstein one-dimensional Cohen-Macaulay
local ring with infinite residue field which admits a canonical ideal. The following conditions are
equivalent.
(i) R has a canonical reduction.
(ii) R has a canonical ideal K such that, for some regular element a ∈ K, (a : K) is a
reduction of m.
(iii) Any canonical ideal I of R admits a regular element y ∈ I such that (y : I) is a reduction
of m.
(iv) tr (KR) is a reduction of m.
Proof. (i)⇒(ii). Assume that K is a canonical ideal of R which is a reduction of m. As R/m
is infinite, there exists x ∈ K which is a reduction of m. As xR ⊆ (x : K), (x : K) is also a
reduction of m.
(ii)⇒(i). By assumption, there exists x ∈ (a : K) which is a reduction of m. As xK ⊆ aR,
one may write xK = aJ for ideal J of R. Therefore J is a canonical ideal of R. As J 6= R, J is
a reduction of m.
(ii)⇔(iii). Clear as all canonical ideals are R-isomorphic.
(ii)⇔(iv). (ii)⇒(iv) is clear as K ⊆ tr (KR). For converse, let K be an arbitrary canonical
ideal of R and set x ∈ K as a reduction of K and assume that Kt+1 = xKt. By [6, Proposition
3.3 (3)], we have xtr (KR) = K(x : K). Multiplying with K
t we have
Kt+1(x : K) = xKttr (KR) = K
t+1tr (KR).
which means (x : K) is a reduction of tr (KR). Now the result follows by (iii). 
Let R be a one-dimensional Cohen-Macaulay ring admitting a canonical ideal. Then R is
generalized Gorenstein if there exists an exact sequence 0 −→ R −→ K −→ C −→ 0, with
K ∈ CR, such that C is free as R/a-module where a = Ann (C) (see [12, Theorem 2.3]).
Corollary 3.10. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring, admitting
a canonical ideal K.
(a) If R is nearly Gorenstein, or R has self-dual maximal ideal, then R has a canonical
reduction.
(b) Let R be a generalized Gorenstein ring with respect to a. Then, R has a canonical
reduction if and only if a is a reduction of m.
Proof. (a). When R is nearly Gorenstein, trR(K) = m and so R has a canonical reduction by
Proposition 3.9 (a)(iv). The second claim follows from [21, Proposition 3.6].
(b). Follows immediately by definition and Proposition 3.9. 
Notation 3.11. Assume that k is an infinite field. Let a1, . . . , an ∈ Z such that 0 < a1 < a2 <
· · · < an and let Γ = 〈a1, a2, . . . , an〉 be the numerical semigroup generated by a1, . . . , an. The
subring R := k[[ta1 , ta2 , . . . , tan ]] of the power series ring k[[t]] is called the semigroup ring of Γ
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over k. The ring R is a one-dimensional Cohen-Macaulay local domain. The maximum element
of the set V := { α ∈ Z | α /∈ Γ }, denoted by f , is called the Frobenius number of Γ. The
fractional ideal T = 〈t−α| α ∈ V 〉 is a canonical module of R (e.g. see [18, Example 2.1.9] ).
Next theorem characterizes numerical semigroup rings to have canonical reduction. Note that
R is Gorenstein if and only if Γ is symmetric, i.e. α ∈ V if and only if f − α ∈ Γ.
Theorem 3.12. Assume that R is a semigroup ring as in the Notation 3.11. Then R has a
canonical reduction if and only if a1 + f − α ∈ Γ for all α ∈ V.
Proof. For “ if ” part, note that by assumption tf+a1T ⊆ R and ta1 ∈ tf+a1T . Therefore tf+a1T
is a canonical reduction of m.
For “ only if ” part, assume that I is a canonical reduction of R. By Proposition 2.5, xI = yT
for some x, y ∈ R. Let b ∈ I such that xb = yt−f , then y = xbt−f and therefore I = btfT . As
R ⊆ tfT ⊆ R, by [13, Corollary 2.8], b ∈ I is a reduction of I . Since I is a canonical reduction,
b is also a reduction of m. Assume that b =
h
Σ
i=1
λit
gi , λi ∈ k for all i, and that m
s+1 = msb.
Therefore ta1(s+1) ∈ msb which means gj = a1 for some j, 1 ≤ j ≤ h, because a1 ≤ ai for all i,
1 ≤ i ≤ n. Without loss of generality, we can assume that a1 = g1 and hence we may write,
after multiplying by λ−11 , b = t
a1 +
h
Σ
i=2
λ′it
gi , λ′i ∈ k for all i. For any α ∈ V we have, by I = bt
fT ,
btf t−α = tf+a1−α +
h
Σ
i=2
λ′it
f+gi−α ⊆ R. The last equality means f + a1 − α ∈ Γ for all α ∈ V, as
desired. 
Example 3.13. Let e ≥ 4 and choose i, j ∈ N with 0 < j − 1 ≤ i < e − j. The numerical
semigroup ring
R = k[[te, te+1, . . . , te+i, te+i+j, te+i+j+1, . . . , t2e+i+j−1]]
admits a canonical reduction by Theorem 3.12. The ideal (te+1, te+2, . . . , te+j−1) is a canonical
reduction of R.
Example 3.14. Let a ≥ 3 and R = k[[ta, ta+1, ta+2]]. Then f = 2a − 1 and for all i, a+ 3 ≤
i ≤ 2a− 1, ti /∈ R. In this case R has a canonical reduction if and only if a = 3, 4, 5 or 6.
We end this section with some results about the relation between canonical reductions and
Ulrich ideals. An m–primary ideal I of R is said to be an Ulrich ideal if I2 = xI for some regular
element x ∈ I and I/I2 is a free R/I-module (see [14, Definition 2.1]). When I is an Ulrich
ideal of R, one has (x : I) = I [14, Corollary 2.6] and the second condition is equivalent to I/xR
being R/I-free [14, Lemma 2.3]. Next theorem gives a characterization, for rings admitting some
certain kind of Ulrich ideals, to have a canonical reduction.
Proposition 3.15. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring with
infinite residue field such that R admits a canonical ideal. Let I be an m–primary Ulrich ideal
with µ(I) > 2. The following conditions are equivalent.
(a) R has a canonical reduction.
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(b) R is generalized Gorenstein local with respect to I, and I is a reduction of m.
When this is the case, ρ(R) = 2 and I is the unique Ulrich ideal of R, which is isomorphic to
(x : K) for an arbitrary K ∈ CR and x ∈ K as a reduction.
Proof. First note that if R is generalized Gorenstein then ρ(R) = 2 (see [12, Fact 2.2 and
Theorem 2.3]). Thus, as mentioned in Remark 3.4, the ideal (x : K) is independent from a
particular canonical ideal K and a reduction element x ∈ K.
(a)⇒(b). Let K be a canonical reduction of R, x ∈ K as a reduction and set a := (x : K).
First note that if a ∈ K be a regular element, then (a : K) ⊆ I by [16, Corollary 2.12]. Therefore,
as K can generate by regular elements, we have K ⊆ I. Hence x ∈ K is also a reduction of I,
which means I2 = xI and we have I ⊆ (x : I) ⊆ (x : K) ⊆ I. Therefore K ⊆ I = (x : K) and
so ρ(R) = 2 and I = a = (x : K) is the unique Ulrich ideal of R. It remains to show that R is
generalized Gorenstein.
As ρ(R) = 2, [4, Proposition 2.5] (2) and [12, Theorem 2.3] implies that R is generalized
Gorenstein if and only if K2/x2R is free R/a–module. Note that K2 ⊆ xR. By Remark 3.4 (i),
K2 = xJ for some proper ideal J of R where K : (x : K) = J . As a is Ulrich ideal, a2 ⊆ K and
so a = (x : K) ⊆ J , which means K2 = x(x : K) = xa = a2. Now, as a/xR is free R/a–module,
we have K2/x2R = xa/x2R ∼= a/xR and the result follows by [14, Lemma 2.3].
(b)⇒(a). By assumption I = (a : T ) for some T ∈ CR and a ∈ T as a reduction. Choosing
x ∈ I as a reduction element, there exists a canonical ideal K ∈ CR such that xT = aK and so
x ∈ K. As x is a reduction of I and I is a reduction of m, it follows that K is a reduction of m
and R has a canonical reduction. 
A ring R that admits an Ulrich ideal which is a reduction of m may not possesses a canonical
reduction (see [11, Example 5.7 (3)]).
Ulrich ideals with minimum number of generators 2, are less well known. In next section, it
will be shown that if R admits a canonical reduction, then so does R⋉R, the idealization of R
over R. In particular, if a is an R-regular element, then aR⋉R is an Ulrich ideal of R⋉R and
µ(aR⋉R) = 2.
The notion of 2-AGL rings is defined in [4] as a partial generalization for almost Gorenstein
rings. If (R,m) is a one-dimensional Cohen-Macaulay local ring admitting a canonical ideal K,
then R is 2-AGL if and only if ρ(R) = 2 and ℓ(K2/xK) = 2 for some element x ∈ K as a
reduction (see [4, Lemma 3.1]). Goto et.al studied in [17] the 2-AGL rings which admit Ulrich
ideals I with µ(I) = 2. In this connection, we state the following result.
Corollary 3.16. Assume that (R,m) is a one-dimensional 2-AGL ring with infinite residue
field. If R admits an Ulrich ideal I with µ(I) = 2 then R has a canonical reduction.
Proof. Let J be a canonical ideal of R. Set x ∈ J as a reduction of J and a = (x : J). As R is a 2-
AGL ring, ℓ(R/a) = 2 by [4, Proposition 3.3]. By [17, Proposition 2.3 (1)], J/xR is free over R/a
which means R is a generalized Gorenstein local ring with respect to a. Therefore, by Proposition
3.9, it is enough to prove that a is a reduction of m. By [17, Proposition 2.3], µ(a) = µ(m)− 1
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while ℓ(R/a) = 2. Hence the exact sequence 0 −→ a/ma −→ m/ma −→ m/a −→ 0 implies that
ℓ(m/ma) = µ(m) = ℓ(m/m2), which implies that m2 = am, that is a is a reduction of m. 
4. Canonical reductions via idealization
The aim of this chapter is to find a characterization for rings with canonical reduction via
idealization. Throughout this section (R,m) is a Cohen-Macaulay local ring with dimR = 1, M
an R-module. By Nagata extension R⋉M , we mean idealization of M over R. Note that R⋉M
is a local ring whose maximal ideal is m⋉M . The ring R⋉M is Cohen-Macaulay provided M
is a maximal Cohen-Macaulay R-module. Also one has (R ⋉M)/(m ⋉M) ∼= R/m, i.e. R and
R⋉M has the same residue field.
Assume that KR is a canonical module of R. In [13, Proposition 6.1], it is shown that if I is
an m–primary ideal of R, then R ⋉ Hom R(I,KR) admits a canonical ideal of the form I × L.
In [13, Theorem 6.3], a partial converse is provided i.e. if R ⋉M is almost Gorenstein then
M ∼= Hom R(I,KR) for some primary ideal I with some extra conditions.
The next lemma shows that if R⋉M has a canonical ideal I ×L, then R admits a canonical
module KR and M ∼= Hom R(I,KR).
Lemma 4.1. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring and that M
is a maximal Cohen-Macaulay R–module. The following statements are equivalent.
(i) R⋉M admits a canonical ideal I × L.
(ii) M admits a submodule L which is a canonical module of R such that Hom R(M/L,E) ∼=
R/I for some ideal I of R of height one.
(iii) R admits a canonical module KR and M ∼= Hom R(I,KR) for some ideal I of height one.
Proof. (i)⇒(ii). As (R⋉M)/(I×L) ∼= (R/I)⋉(M/L) is a Gorenstein ring,M/L is the canonical
module of the zero dimensional ring R/I and so Hom R(M/L,E) ∼= R/I. Let x ∈ m be a regular
element of R so that (I/xI) × (L/xL) is also the canonical module of (R/xR)⋉ (M/xM). Let
t¯ ∈ Soc (L/xL) for t ∈ L. Then, for every (r, w) ∈ m ×M , we have (r, w)(0, t¯) = (0, rt¯) = (0, 0)
which means 0× Soc (L/xL) ⊆ Soc ((I/xI) × (L/xL)). As R/m ∼= (R⋉M)/(m ×M), we have
vdimR/m(Soc (L/xL)) ≤ vdimR/m(Soc ((I/xI)× (L/xL)) = 1
which means r (L/xL) = 1 and L is a canonical ideal of R.
(ii)⇒(i). As Hom R(R/I,E) ∼= M/L, M/L is a canonical ideal of R/I and therefore R/I ⋉
M/L ∼= (R⋉M)/(I×L) is Gorenstein. As I×L is maximal Cohen-Macaulay R⋉M–module, we
need to prove r (I ×L) = 1. Choose an R–regular element x ∈ m. Then (x, 0), the image of x in
R⋉M , is also an R⋉M–regular and (I×L)/x(I×L) ∼= (I/xI)× (L/xL). Hence it is enough to
compute r ((I/xI)×(L/xL)). Note that r ((I/xI)×(L/xL)) = vdimR/m(Soc ((I/xI)×(L/xL))).
If (a¯, b¯) ∈ Soc ((I/xI) × (L/xL)) then, for each r ∈ m, (ra¯, rb¯) = (0, 0) which means a¯ ∈
Soc (I/xI) and b¯ ∈ Soc (L/xL). Assume that a¯ 6= 0. As L/xL is a canonical module of
R¯ := R/xR, Hom R(R¯/aR¯, L/xL) 6= 0 and so there exists l¯ ∈ L/xL such that a¯l¯ 6= 0. Hence
(a¯, b¯)(0, l) = (0, a¯l) 6= (0, 0) which is a contradiction because m ×M is the maximal ideal of
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R⋉M and (a¯, b¯) ∈ Soc ((I/xI)× (L/xL)). Therefore Soc ((I/xI)× (L/xL)) ∼= 0× Soc (L/xL).
As L is canonical module of R, we find that r ((I/xI) × (L/xL)) = r (L/xL) = 1. Therefore
I × L is a canonical ideal of R⋉M .
(ii)⇒(iii). Applying HomR(−, L) gives the exact sequence
0 −→ HomR(M,L)
f
−→ Hom R(L,L) −→ Ext
1
R(M/L,L) −→ 0.
As HomR(L,L)∼=R, there exists an ideal J of R such that J ∼= HomR(M,L) and R/J ∼=
Ext 1R(M/L,L). Our assumption, HomR(M/L,E)
∼= R/I, implies that IM ⊆ L. If x ∈ I is
an R–regular element, Ext 1R(M/L,L)
∼= HomR(M/L,L/xL) ∼= Hom R(Hom R(R/I,E), L/xL).
Therefore
J = AnnR(Ext
1
R(M/L,L)) = AnnR(Hom R(Hom R(R/I,E), L/xL)) = I
and the result follows.
(iii)⇒(ii). Follows by the result of Goto-Matsuoka-Phuong, [13, Proposition 6.1]. 
Lemma 4.1 shows that, in order to study idealizations of R that admits canonical ideals, it is
enough to consider idealizations of the form R⋉HomR(I,KR), where I is a height one ideal of
R and KR the canonical module of R.
The next proposition shows that when an idealization of R has a canonical reduction.
Proposition 4.2. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring and M
is a maximal Cohen-Macaulay R–module and that I is an ideal of R. The following statements
are equivalent.
(i) R⋉M has a canonical reduction I × L for some submodule L of M .
(ii) M ∼= Hom R(I,KR) and I is a reduction m.
Proof. (i)⇒(ii). By Lemma 4.1, M ∼= HomR(I,KR). Since I×L is a reduction for m×M , there
exists a positive integer t such that (m ×M)t+1 = (I × L)(m ×M)t. Note that (m ×M)t+1 =
mt+1 ×mtM and (I × L)(m ×M)t = Imt × (mtL+ Imt−1M). Comparing the first summands,
gives mt+1 = Imt that is I is a reduction of m.
(ii)⇒(i). By [13, Proposition 6.1], there exists a submodule L, isomorph to KR, of M such
that I×L is a canonical ideal of R. Assume that ms = Ims−1. It follows that (I×L)(m×M)s =
(m×M)s+1. 
In [13, Theorem 6.5] it is proved that, for a one-dimensional Cohen-Macaulay local ring (R,m),
R⋉m is almost Gorenstein if and only if R is almost Gorenstein. Next theorem shows that the
same happens for rings with canonical reduction. Moreover, it shows that the class of rings R
with canonical reductions is a natural notion when we compare it with R⋉R.
Theorem 4.3. Assume that (R,m) is a one-dimensional Cohen-Macaulay local ring. The fol-
lowing conditions are equivalent.
(i) R has a canonical reduction K.
(ii) R⋉ I has a canonical reduction for any ideal I containing K.
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(iii) R⋉m has a canonical reduction.
(iv) R⋉R has a canonical reduction.
Proof. (i)⇒(ii). Let I be an ideal of R containing K, j the inclusion map from K to I. Con-
sider the R-monomorphism HomR(I,K)
j∗
−→ HomR(K,K). As there is an R-isomorphism
Hom R(K,K)
ψ
−→ R, each element f ∈ HomR(I,K) corresponds to some r ∈ R depending on
f .
On the other hand, for each a ∈ K, consider fa ∈ Hom R(I,K) such that f(x) = xa for all
x ∈ I. Therefore j∗(fa) corresponds to a. In other words, ψ◦j
∗(Hom R(I,K)) contains K. Note
that the ideal T := ψ ◦ j∗(HomR(I,K)) is a proper ideal since K is a maximal canonical ideal
by Proposition 3.3. As K is a reduction of m, T is also a reduction of m. Now, by Proposition
4.2, R⋉HomR(Hom R(I,K),K) ∼= R⋉ I has a canonical reduction.
(ii)⇒(iii). Clear since K ⊆ m.
(iii)⇒(i). As R ⋉ m has a canonical reduction, by Proposition 4.2, R admits the canonical
module KR and there exists an ideal I of R of height one such that m ∼= HomR(I,KR). There-
fore, I ∼= HomR(m,KR) and I is a reduction for m. As, by [10, Corollary 2.4], m is not a
canonical ideal of R, we have I ≇ R. Lemma 4.1 suggests that a canonical reduction of R ⋉ m
is of the form I × L for some proper ideal L such that L is a canonical ideal of R. Moreover
R/I ∼= Hom R(m/L,E).
From the exact sequence 0 −→ m/L −→ R/L −→ R/m −→ 0 we obtain the exact sequence
0 −→ HomR(R/m,E) −→ HomR(R/L,E) −→ Hom R(m/L,E) −→ 0.
As L is a Gorenstein ideal of R we have Hom R(R/L,E) ∼= R/L and so HomR(R/m,E) ∼= J/L
for some ideal J of R containing L. As a result HomR(m/L,E) ∼= R/J . Note that mJ ⊆ L,
which means J/L ⊆ (L : m)/L ∼= R/m because R/L is Gorenstein. Therefore, J = (L : m) and
Hom R(m/L,E) ∼= R/(L : m) that is I = (L : m). As L is canonical ideal of R, Theorem 3.5 (a)
implies that mL = m(L : m). Putting together, we find mL = mI. As I is a reduction of m so is
L.
(i)⇔(iv). The proof is a straightforward application of Proposition 4.2. 
Remark 4.4. Here we give a method to construct rings with canonical reduction of arbitrary
large canonical index.
Choose e ≥ 4 and r ∈ {2, . . . , e − 1}. Then, by [22, Example 4.4], there exists a one
dimensional Cohen-Macaulay complete local ring (R,m) such that µ(m) = e − 1, e 0m(R) = e
and r (R) = e − 2, where red (m) = r. By Proposition 4.2, R ⋉ Hom R(m,KR) has a canonical
reduction of the form m×L, whereKR denotes the canonical module of R. Note that xm
r = mr+1
for some element x ∈ m. It is easy to see that (x, 0) is a reduction of m×L. Now, in the following,
we study the properties of the ring A := R⋉Hom R(m,KR).
(i) Canonical index of A. For any integer t > 0, one has
(m× L)t+1 = (mt+1,mtL) and (x, 0)(m × L)t = (xmt, xmt−1L).
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In order to calculate the canonical index of A, we compare (m×L)t+1 and (x, 0)(m×L)t.
If mrL = xmr−1L, then red (m × L) = r. Otherwise red (m× L) = r + 1.
(ii) A is not Gorenstein. Otherwise, by [13, Theorem 3.7], we equivalently have mL = xL
that is r (R) = e 0m(R), a contradiction.
(iii) A is not generalized Gorenstein for r > 2. If r > 2, then red (m×L) > 2 by part (i), which
means R⋉HomR(m,KR) is not a generalized Gorenstein local ring [12, Proposition 2.1].
(iv) min(SCA) = 2. As KA = m× L is the canonical reduction of A, we have
ℓ((R ⋉HomR(m,KR))/(m × L) = ℓ((R/m)⋉ (Hom R(m,KR)/L) = 2.
5. Rings with canonical reductions of higher dimension
In this section, for Cohen-Macaulay local rings of higher dimensions, we define and study
canonical reductions.
Definition 5.1. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring admitting a
canonical ideal. A canonical ideal K is said to be a canonical reduction of R if there exists an
equimultiple ideal I, with ht (I) = d− 1 such that K + I is a reduction of m.
This definition coincides with Definition 3.2 when dimR = 1. Note that a canonical reduction,
if exists, is not necessarily equimultiple when d > 1.
Remark 5.2. Let R be a d-dimensional Cohen-Macaulay local ring with infinite residue field
which admits a canonical ideal K.
(a) If K admits a superficial element for m, then R has a canonical reduction in the sense
of Definition 5.1 since any superficial element can be extended to a superficial sequence
which is a minimal reduction of m.
(b) If K is a canonical reduction of R and I is an equimultiple ideal of height d−1 such that
K + I is a reduction of m, then we may choose q = (x2, · · · , xd) as a minimal reduction
of I such that q is a parameter ideal of R, and q(R/K) is a minimal reduction of m/K.
Therefore q(R/K) is a parameter ideal for R/K and we have K(R/q) = (K + q)/q ∼=
K/q ∩K = K/qK, so K(R/q) is a canonical reduction of R/q.
(c) Let K be a canonical reduction of R so that I is an equimultiple ideal of height d − 1
such that K + I is a reduction of m. Assume further that K is equimultiple and x ∈ K
is a reduction of K. If q is chosen as in (b), then xR+ q is a minimal reduction of m.
Next we show that almost Gorenstein local rings and nearly Gorenstein rings of dimension
d > 1 have a canonical reduction. First we prove the following lemma which is fundamental in
the sequel.
Lemma 5.3. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring, with infinite
residue field, admitting a canonical ideal K. Let y ∈ m be a regular element of R, and let
q = (x2, x3, · · · , xd) be an ideal generated by a regular sequence for R, R/K and R/yR. Let
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x ∈ K \mK such that xR+ q is a parameter of R and set R¯ = R/q. If yR¯ ∈ (xR¯ :R¯ KR¯) then
there exists a canonical ideal I of R such that y ∈ I.
Proof. Note that K(R/q) = (K + q)/q ∼= K/qK is a canonical ideal of R/q since x2, · · · , xd
is regular over R/K. Assume that I is the ideal of R such that y ∈ I and yKR¯ = xIR¯. We
show that I is a canonical ideal of R. As y is regular over R/q, yKR¯ and so xIR¯ are canonical
modules for R¯. We claim that x2, · · · , xd is a regular sequence on R/xI so that R/xI is Cohen-
Macaulay and dim(R/xI) = d− 1. To see this, assume that x2 is not regular over R/xI. Then
x2 ∈ p for some p ∈ AssR(R/xI). Therefore p = (xI : α) for some α ∈ R. As x2 ∈ p, we have
x2α ⊂ xI. Note that (x, x2) is a regular sequence on R, so we must have α ∈ xI which is a
contradiction. Continuing this way, since (x, x2, . . . , xi) is R-sequence for each i, 2 ≤ i ≤ d, we
see that x2, x3, . . . , xd is a regular sequence for R/xI.
Therefore, we have I/qI ∼= xI/qxI ∼= xI/q
⋂
xI ∼= (xI + q)/q = xI(R/q) = yK(R/q)
which means I/fqI is a canonical module of R/q. Also the exact sequence 0 −→ xI −→
R −→ R/xI −→ 0 implies that xI is maximal Cohen-Macaulay and dim(xI) = d = depth (xI).
Therefore I is a maximal Cohen-Macaulay module while q is a regular sequence for I, and I/qI
is a canonical module of R. Therefore I is canonical ideal of R. 
Let I be arbitrary ideal of R with positive height. An element x ∈ R is called a reduction
element for I if there exist x2, · · · , xt ∈ R such that (x, x2, · · · , xt) is a minimal reduction of I.
Next result is a direct corollary from Proposition 3.9 and Lemma 5.3.
Proposition 5.4. Assume that (R,m) is a Cohen-Macaulay local ring, admitting a canonical
ideal, such that tr (KR) admits a reduction element for m. Then R admits a canonical reduction.
In particular, every nearly Gorenstein ring admits a canonical reduction.
Proof. Let K be an arbitrary canonical ideal of R and assume that x1 ∈ trR(K) is a superficial
element of m. Choose (x2, x3, · · · , xd) as a superficial sequence for R/x1R, which is also regular
over R/K. Set q = (x2, x3, · · · , xd), R¯ = R/q and K¯ = K(R/q). By [20, Lemma 5.1 (ii)],
trR(K)R¯ ⊆ tr R¯(K¯) which means tr R¯(K¯) admits a superficial element of m¯ and R¯ has a canonical
reduction by Proposition 3.9 (iv). Again by Proposition 3.9 (iii), there exists y¯ ∈ K¯ such that
(y¯ : K¯) is a reduction of m¯. Hence there exists x ∈ m such that x¯ ∈ (y¯ : K¯) is a minimal
reduction for m¯. By Lemma 5.3, there exists a canonical ideal I of R such that x ∈ I. As
(x2, · · · , xd) is a superficial sequence for m, xR+ q, and so I + q is a reduction of m and R has
a canonical reduction. 
Note that when R admits a canonical reduction then the trace of the canonical module of
R may not admit a reduction element for m. But this is true if canonical ideals of R are
equimultiple, see Notation 3.2. Unfortunately, not all rings with canonical reductions have
equimultiple canonical ideals, even if they admit a canonical ideal which has a reduction element
for maximal ideal (as happens if R is generalized Gorenstein or nearly Gorenstein ring). Next
proposition shows a necessary and sufficient condition for a ring to have an equimultiple canonical
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ideal. Recall that an ideal I is called normally torsion-free if AssR(R/I) = AssR(R/I
n) for all
n > 0.
Proposition 5.5. Assume that (R,m) is a Cohen-Macaulay local ring with infinite residue field
and that K is a Cohen-Macaulay ideal of height one. Then K is equimultiple if and only if K
is normally torsion-free.
Proof. First let x ∈ K be a reduction of K, which means K is equimultiple. Then xn is a
reduction of Kn for all n > 0, and so AssR(R/K
n) = AssR(R/x
nR) for all n > 0. Now
the result follows as Ass (R/xR) = Ass (R/xnR) for all n > 0. Conversely, assume that K
is normally torsion-free. Let q = (x2, · · · , xd) be an ideal generated by a part of a system of
parameters for R and so q(R/K) is a parameter ideal for R/K. We will show that x2, · · · , xd
is a superficial sequence for K + q. To this, it is enough to show that xd(R/q
′) is a superficial
element of (K + q)/q′, where q′ = (x2, · · · , xd−1) (set q
′ = 0 if d = 2). Let r ∈ R such
that rxd(R/q
′) ∈ ((K + q)/q′)n+1. We will use [23, Lemma 8.5.3] and show that r(R/q′) ∈
((K+q)/q′)n. As (K+q)n+1 = Kn+1+qKn+ · · · qnK+qn+1 while q = (x2, · · · , xd) = q
′+xdR,
after a rearrangement we have
rxd = kn+1 + xdkn + · · · + x
n
dk1 + ax
n+1
d + a
′
where ki ∈ K
i for 1 ≤ i ≤ n+ 1, a ∈ R and a′ ∈ q′. Therefore
xd(r − kn − · · · − x
n−1
d k1 − ax
n
d ) = kn+1 + a
′ ∈ Kn+1 + q′.
By assumption xd is regular over K
n+1+q′, which means r−kn−· · ·−x
n−1
d k1−ax
n
d ∈ K
n+1+q′
and so
r ∈ Kn+1 +Kn + · · ·+ xn−1d K + x
nR+ q′ ⊆ (K + q)n + q′.

Sometimes it is easier to show that when canonical ideal is not equimultiple. Next result
generalized [7, Lemma 3.6].
Proposition 5.6. Assume that (R,m) is a Cohen-Macaulay local ring with infinite residue field,
admitting a canonical ideal. If R is Gorenstein in codimension one then canonical ideals of R
are not equimultiple.
Proof. Let K ∈ CR and x ∈ K be a superficial element of K. Assume that p ∈ AssR(R/K) such
that Rp is Gorenstein. Then, by Lemma 2.3, Kp = xRp. Therefore, if we set C = K/xR then
p /∈ AssR(C). This means AssR(C) = Ass R(R/xR)\{p ∈ Ass (R/K) | RP is Gorenstein }. Now
consider the exact sequence 0 −→ R
×x
−→ K −→ C −→ 0. If R is Gorenstein in codimension
one, then Cp for all p ∈ SpecR with ht (p) = 1. Hence C = 0 and R is Gorenstein. 
In order to continue our discussion we recall the definition of almost Gorenstein and general-
ized Gorenstein local rings.
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Definition 5.7. Assume that (R,m) is a Cohen-Macaulay local ring such that there exists an
exact sequence
0 −→ R −→ K −→ C −→ 0.
Then R is generalized Gorenstein with respect to an m-primary ideal a if
(1) C/aC is a free R/a-module, and
(2) aC = (x2, x3, · · · , xd)C for some sequence x2, x3, · · · , xd ∈ a of a system of parameters.
By ([15, Definition 3.3]) R is called almost Gorenstein if µ(C) = e 0m(R), which means a = m.
Proposition 5.8. Assume that (R,m) is a d-dimensional generalized Gorenstein local ring with
respect to an m-primary ideal a, with infinite residue field. Consider the next two conditions.
(i) R has a canonical reduction.
(ii) a admits a reduction element for m.
Then (ii)⇒(i). If R admits an equimultiple canonical reduction then (i)⇒(ii). In particular,
almost Gorenstein rings have a canonical reduction.
Proof. Since R is generalized Gorenstein, there exists an exact sequence 0 −→ R
φ
−→ K −→
C −→ 0 such that K is canonical ideal of R and C is as in Definition 5.7. Set y = φ(1).
(i)⇒(ii). Let K be a canonical ideal of R, which is equimultiple, and x ∈ K as a reduction.
Then, by Notation 5.2(c), x is a part of a reduction of m while x ∈ a since K ⊆ a by [12,
Theorem 1.2].
(ii)⇒(i). By [23, Corollary 8.5.9.] there exists an R-regular element x2 ∈ a such that x2 is
superficial for C, x2 is regular on R/K, on R/yR, and on R/xR. If d > 2 then one may continue
in this way to find an ideal q = (x2, x3, . . . , xd) generated by an R/xR-regular sequence such
that q is a superficial sequence for C, x2, x3, . . . , xd is a system of parameters for R/K, yR+ q
is a parameter ideal of R, and xR + q = (x, x2, . . . , xd) is a parameter ideal for R. Now, [12,
Theorem 2.4] implies that R/q is a one-dimensional generalized Gorenstein ring with respect to
a/q. Therefore, a/q = (y(R/q) : K(R/q)). By Lemma 5.3, there exists a canonical ideal I of R
such that x ∈ I, and so R has a canonical reduction. 
One may notice that the ring which is discussed in [12, Example 5.1] admits a canonical
reduction by Proposition 5.8.
Next remark deals with some special rings with canonical reduction, using linkage theory.
Remark 5.9. Assume that (R,m) is d-dimensional Cohen-Macaulay local ring, admitting a
canonical ideal. If I and J be geometrically linked ideals, i.e. I = (0 : J) and J = (0 : I) with
AssR(R/I) ∩AssR(R/J) = ∅, then I + J contains a non-zerodivisor. Assume that there exists
a regular sequence q over R/(I + J), such that I + J + q is a reduction of m (for example I + J
contains a superficial element for m). Then, as (I+J)/J is a canonical ideal of R/J (respectively
(I + J)/I is a canonical ideal of R/I) and q(R/J) is a parameter for R/J (respectively q(R/I)
is a parameter for R/I) then R/I and R/J both admits a canonical reduction.
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Assume that R is a Gorenstein local ring, and I and J are linked and R/I is Cohen-Macaulay
ring. If µ(J) = 1 then R/I is a Gorenstein ring since KR/I = Hom R(R/I,R) = J . Next
proposition generalized this result to rings with canonical reductions.
Proposition 5.10. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring, admit-
ting canonical reduction K, and that I and J are ideals of R with R/I is Cohen-Macaulay. If I
is linked to J with respect to q , where q is a maximal regular sequence contained in I ∩ J , such
that R/q has a canonical reduction and J/q is cyclic then R/I has a canonical reduction.
Proof. After all, we may assume that I and J are zero-height ideals such that J = aR for some
a ∈ m and I = (0 : a) and aR = (0 : I) ∼= R/I. By above discussion, if R is Gorenstein then
so is R/I and there is nothing to prove. Hence we may assume that R is not Gorenstein. Let
KR/I denotes the canonical module of R/I. Note that
R/I ∼= Hom R(R/I,R) ∼= Hom R(R/I,Hom R(K,K)) ∼= HomR(K/IK,K)
which means KR/I = Hom R(R/I,K) ∼= K/IK. Applying HomR(−,K) over the exact se-
quence 0 −→ R/I
×a
−→ R −→ R/J −→ 0, with the fact that Hom R(R/J,K) ∼= (0 :K J) = I∩K,
gives the commutative diagram
0 −−−−→ Hom R(R/J,K) −−−−→ HomR(R,K) −−−−→ Hom R(R/I,K) −−−−→ 0
g
x∼= g′
x∼=
0 −−−−→ I ∩K −−−−→ K −−−−→ K/I ∩K −−−−→ 0
where g and g′ are isomorphisms with g(a)(1¯) = a for a ∈ I ∩K and g′(k)(1) = k for k ∈ K.
Therefore there is a well-defined homomorphism θ : K/I ∩ K −→ HomR(R/I,K) such that
θ(k¯)(1¯) = k for k ∈ K. If θ′ : Hom R(R/I,K) −→ K/IK be the natural homomorphism,
which send f ∈ HomR(R/I,K) to f(1¯) ∈ K/IK, then there is a well-defined homomorphism
θ′θ : K/I ∩ J −→ K/IK such that θ′θ(k+ I ∩K) = k+ IK for each k ∈ K. Hence I ∩K = IK
andK(R/I) is a canonical ideal of R/I. Now, if q be the parameter ideal of height d−1 such that
K + q is a reduction of m then q(R/I) is also a parameter ideal for R/I and K(R/I) + q(R/I)
is a reduction of m/I and R/I has a canonical reduction. 
Next we investigate transferring canonical reductions by some specific ring homomorphisms.
First we prove a lemma.
Lemma 5.11. Assume that ϕ : (R,m) −→ (S, n) is a flat local homomorphism between d-
dimensional Noetherian local rings. Then e 0mS(S) = ℓS(S/mS)e
0
m(R).
Proof. It is an easy exercise to prove that ℓS(S ⊗R M) = ℓS(S/mS)ℓR(M) when M is a fi-
nite length R-module. Now the result follows by comparing Hilbert functions HS(mS, S) and
HR(m, R). 
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Theorem 5.12. Assume that ϕ : (R,m) −→ (S, n) is a flat local ring homomorphism between
generically Gorenstein Cohen-Macaulay local rings of positive dimension d and n, respectively,
such that S/mS is Gorenstein. Consider the two following conditions.
(a) R has a canonical reduction and e 0n(S) = e
0
n(S/mS)e
0
m(R).
(b) S has a canonical reduction.
Then
(i) Let n = d. Then (a)⇒(b). The converse holds if R/m is infinite.
(ii) Let n > d. Then (a)⇔(b) if R/m is infinite and S/mS is a regular ring.
Proof. (i). First let d = 1. IfR has a canonical reductionK, thenKS is a canonical ideal of S and
is a reduction of mS. By assumption, e 0n(S) = ℓS(S/mS)e
0
m(R) = e
0
mS(S) which means mS is a
reduction of n by [23, Theorem 11.3.1]. Therefore KS is a canonical reduction of S. Conversely,
let S has a canonical reduction. If K is a canonical ideal of R then, by Proposition 3.9 (iii), there
exists x ∈ K such that (xS :S KS) is a reduction of n. Therefore (xS :S KS) is a reduction of
mS and by faithful flatness, (x :R K) is a reduction of m and R has a canonical reduction. Also,
as mS is a reduction of n, by Lemma 5.11 we have e 0n(S) = e
0
mS(S) = ℓS(S/mS)e
0
m(R).
Now, assume that d > 1. If R admits a canonical reduction K, then there exists a an
equimultiple ideal I of length d− 1 such that K+ I is a reduction of m. It follows that KS+ IS
is a reduction of mS. Now the result follows since IS is equimultiple in S and mS is a reduction
of n.
Assume that S admits a canonical reduction T and let K ∈ CR with K ⊆ m
2. Choose a
superficial sequence x = x2, · · · , xd for m, such that (1) x(R/K) is a regular sequence for R/K,
(2) xS is S-regular and (3) xS(S/T ) is a regular sequence for S/T . This is quite possible since
ϕ is faithful flat. Let q = (x2, · · · , xd) and set R¯ = R/q and S¯ = S/qS. Consider the flat
local homomorphism ϕ¯ : R¯ −→ S¯. Both of R¯ and S¯ are one-dimensional local, and S¯ has a
canonical reduction T S¯. Therefore, since KS¯ is a canonical ideal of S¯, by Proposition 3.9 (iii)
there exists a regular element x ∈ K such that ((xS¯ :S¯ KS¯)) is a reduction of n/qS. Hence
(x(R/q) : K(R/q)) is a reduction of m/q which means R/q admits a canonical reduction. Let
x1 ∈ m such that x1(R/q) ∈ (x(R/q) : K(R/q)) as a reduction for m/q. Then by Lemma 5.3,
there exists a canonical ideal I of R such that x1 ∈ I. As x1R¯ = x1(R/q) is a reduction for m/q
and q generates by a superficial sequence for m, x1, x2, · · · , xd is a superficial sequence for m of
length d, and so x1R+ q is a minimal reduction of m and I is a canonical reduction of R.
(ii). Choose an S-regular sequence y = y1, · · · , yt such that (1) y is a superficial sequence for
n and (2) y(S/mS) is a regular system of parameter for n/mS. Then e 0n(S) = e
0
n/yS(S/yS) and
ℓS(S/(mS + yS)) = e n/mS(S/mS). Therefore, as the composition map R
ϕ
−→ S −→ S/yS is flat
by [19, Lemma 1.23] and dim(R) = dim(S/yS), the result follows by (i) and (ii). 
Next is an immediate corollary of Proposition 5.12.
Corollary 5.13. Assume that (R,m) is a d-dimensional Cohen-Macaulay local ring, admitting
canonical ideal, with infinite residue field. Then
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(a) Let n ∈ N and X1,X2, · · · ,Xn be indeterminate. Then, R has a canonical reduction if
and only if R[[X1,X2, · · · ,Xn]] has a canonical reduction.
(b) Let Rˆ denotes the m-adic completion of R. Then, R has a canonical reduction if and
only if Rˆ has a canonical reduction.
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